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Abstract 

We study ten-dimensional Einstein - Yang - Mills model with the space of ex- 
tra dimensions being a non-symmetric homogeneous space with the invariant metric 
parametrized by two scales. Dimensional reduction of the model is carried out and the 
scalar potential of the reduced theory is calculated. In a cosmological setting minima 
of the potential in the radiation-dominated period that followed the inflation are found 
and their stability is analyzed. The compactifying solution is shown to be stable for 
the appropriate values of parameters. 
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1 Introduction 



Since the seminal papers Jl| by Th. Kaluza and 0. Klein the idea of geometric unification 
of interactions based on the assumption that spacetime has more than four dimensions has 
been attracting considerable attention. The standard assumption in this approach is that 
multidimensional spacetime is modelled by the direct product 

E (4+d) = M (4) X I {d) , (1) 

where Mu\ is the macroscopic four- dimensional spacetime and is a <i-dimensional compact 
Riemannian manifold corresponding to the space of extra dimensions, which is often referred 
to as the internal space. The characteristic size L of / should be small enough so that 
extra dimensions do not show up at least up to the energies of the order of ITeV. It is 
also required that the geometry of spacetime with such structure satisfies the equations of 
motion. If this is true then extra dimensions might curl up to a space of small size at an early 
stage of the evolution of the Universe as a result of a dynamical process called spontaneous 
compactification. 

The main idea of introducing the extra dimensions is that they serve the purpose of 
unifying different interactions in four dimensions. In the original papers |l| Kaluza and Klein 
considered pure gravity on five- dimensional spacetime M 4 x S 1 , where M 4 is the Minkowski 
space, which led to the electromagnetism coupled to Einstein gravity after reduction to four 
dimensions. In order to get non-abelian gauge fields in the reduced theory one has to consider 
internal spaces / with a non-abelian isometry group G - However, this scheme has 
some difficulties. One of them is that there are no spontaneous compactification solutions 
with the direct product structure M^) = M 4 x /, where space / has non-abelian isometry 
group. It should be mentioned that situation will be different if quantum corrections are 
taken into account. Spontaneous compactification solutions in multidimensional gravity in 
the framework of Vilkovisky-De Witt effective action formalism were analyzed in series of 
papers, see for example || . Another problem in the standard Kaluza-Klein approach is that 
after adding fermions to the multidimensional action it is impossible to get chiral fermions 
after reduction to four dimensions 0. 

Alternatively one may add Yang-Mills fields to (4 + d) -dimensional action The Yang- 
Mills fields give rise to gauge fields and Higgs fields with a self-interacting symmetry breaking 
potential in four dimensions (see |1 - \T2\ for examples and JO, \TA\ for reviews). In fact 



multidimensional Einstein- Yang-Mills theories appear quite naturally as a part of the bosonic 



sector in supergravity and superstring models (see Q, |15[ for reviews). As it was shown by 



Cremmer and Sherk and Luciani |16| compactifying solutions exist in such theories which 
correspond to a factorization of spacetime of the type (|l|) with a size L of the order of the 
Planck length, L « Lpi « 10~ 33 cm. Spontaneous compactification in a cosmological setting 
was studied in series of papers (see |L7j - |20| for example). In this approach it occurs as 



a result of evolution in the early Universe when the scale factor of three spatial dimensions 
increases up to its observed macroscopic value while the scale factor L(t) of the internal 
space is static or slowly varying and small. In particular, the process of compactification 
in Einstein- Yang-Mills theories with the internal space I being a symmetric homogeneous 
space G/H was analyzed in [^TJ, [22|. In those papers the geometry of the space of extra 



dimensions was described by G-invariant metrics characterized by one scale. 
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The important issue is that of the stability of the spontaneous compactification solu- 
tions. It has been shown that some of them are stable against symmetric |l(J, |21[] and 



general small classical fluctuations. In [^] the problem of stability of compactification 
in a multidimensional Einstein- Yang-Mills model in the radiation-dominated period, which 
followed the inflationary expansion of three spatial dimensions, was studied. In that analysis 
temperature was introduced by allowing the three dimensional components of the strength 
tensor of gauge fields to be non-zero. 

Considering compactification for the class of invariant metrics on a symmetric space, as a 
space of extra dimensions, is an analysis in the spirit of mini-superspace approach. In general 
we should consider the same problem for more general geometries. This will also enable us 
to understand what we really learn about the process of compactification from the analysis 
for the symmetric internal space. The first step in this direction is to take into account ge- 
ometries with the same topology corresponding to a non-symmetric extension of the internal 
space, which are described by invariant metrics with more than one scale. It is known that 
all extrema of the action in the class of configurations corresponding to the symmetric in- 
ternal space G/H will be extrema of the action in the class of configurations corresponding 
to its non-symmetric extension. The important question is whether the minimum of the 
potential in the symmetric case remains stable against non-symmetric fluctuations. Also it 
is rather interesting to find non-symmetric vacua of the model and to understand their role 
in the spontaneous compactification. The next step, which is not considered in the present 
paper, would be to understand whether the symmetric case was more preferrable dynami- 
cally, namely whether the system tended to evolve to a symmetric configuration and thus 
to restore higher symmetry dynamically. If it is so, this will be a justification of considering 
symmetric spaces and invariant metrics on them as "the first approximation" in the analysis 
of spontaneous compactification. We are going to address this issue elsewhere. 

We will study these questions in case of an Einstein- Yang-Mills model on ten-dimensional 
spacetime Mu) x /, where / is the non-symmetric homogeneous space I = SO(5) / SU(2) x 
£7(1). Our results will be extensions of the results of ]I2| and p2"| . As it was mentioned 



above stability of compactification of extra dimensions to symmetric homogeneous spaces at 
the post-inflationary period (with non-zero temperature taken into account) was studied in 



22fl . It was assumed there that spacetime had the form 

E {A+d) = R 1 xS 3 x G/H, (2) 

where R l denotes a timelike direction, S 3 represents the three-dimensional space and G/H 
is the symmetric space of extra dimensions. In the present paper we extend this analysis by 
considering compactification to a non-symmetric homogeneous space G/H. In |I2| solutions 
of spontaneous compactification corresponding to the spacetime structure M 4 xG/H (M 4 is 
the Minkowski spacetime) with non-symmetric internal space G/H = SO(2k + l)/SU(k) x 
£7(1) were considered. Here we will consider the internal space of the same type with k = 2 
(we believe that in the cases when k > 2 results are qualitatively the same) but will look 
for the compactifying solutions in a cosmological setting, i.e. of the form (0), with non- 
static scale factor a(t) of the three-dimensional space. The relation between spontaneous 
compactification solutions with Mu\ = M 4 and compactifying solutions in the cosmological 
setting with = R 1 x S 3 is discussed in the Appendix. We will find all compactifying 
solutions in the model under consideration for non-zero temperature and analyze their role 
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for the compactification of extra dimensions. 

The paper is organized as follows. In Sect. 2 we present some general results from the 
theory of G-invariant metrics and G-symmetric gauge fields. This is the set of configurations 
in which compactifying solutions will be searched. We also discuss the action of a dimen- 
sionally reduced Einstein- Yang-Mills theory. In Sect. 3 we consider dimensional reduction of 
the model with non-symmetric internal space G/H = SO(5)/SU(2) x U(l) and multidimen- 
sional gauge group K = SU(2 + m). There nonvanishing three-dimensional components of 
the gauge field, which model the radiation that dominates the energy density of the Universe, 
will be taken into account. The effective potential W of scalar fields in four dimensions will 
be calculated. In Sect. 4 we consider this potential in the case of zero temperature, find 
its extrema and analyze their stability. These results are compared with those obtained in 



T2| and [^TJ. Similar analysis but with non-zero contributions from radiation is carried out 
in Sect. 5. It is shown that there are a stable minimum corresponding to compactifying 
solution with the symmetry of the symmetric space, two minima, which correspond to de- 
compactification of all or part of extra dimensions when the temperature goes to zero, and 
two saddle points. Sect. 6 contains our conclusions. 



2 Dimensional reduction of Einstein- Yang-Mills theo- 
ries 

In this section we discuss dimensional reduction of an Einstein- Yang-Mills theory on (4 + d)- 
dimensional spacetime i£(4+d) = x G/H. For the sake of generality results for the 

internal space being an arbitrary compact homogeneous space are presented here. In the 
following sections we will restrict our analysis to a particular model with non-symmetric 
coset space G/H = SO(5)/ SU{2) x £7(1). In a cosmological setting the four- dimensional 
part of multidimensional spacetime is often assumed to be, in large scales, of the closed 
Friedman- Robertson- Walker type M( 4 ) = R 1 x S 3 (see (Q)), we will specify our formulas to 
this case in the following sections. 

The large-scale dynamics of the multidimensional Universe is described by the reduced 
theory. At the post-inflationary period, which we are going to consider, the bosonic sector 
dominates. It is believed that inclusion of fermions will not lead to any qualitative change 
in the analysis of spontaneous compactification. Thus the Einstein- Yang-Mills theory in 
multidimensional spacetime seems to be a reasonable model to study spontaneous compact- 
ification. The action of such theory with gauge group K on multidimensional spacetime ([I]) 
is given by 

S = Se + Sym, (3) 

— / 

Sym = dx^g~TrF MN F MN , M, N = 0, 1, . . . 3 + d, (5) 



S E = T^ZF L dx^(R-A), (4) 

(4+d) 



where g = det(^MAf), R is the scalar curvature, k, A and e are the gravitational, cosmological 
and gauge constants in (4 + d) dimensions respectively and Fmn is the stress tensor of the 
gauge field Am- 
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To study the cosmological evolution of the model associated with the action (|3|) - (||) 
we restrict ourselves to spatially homogeneous and (partially) isotropic configurations. In 
mathematical terms this means that the metric is invariant and the gauge field is symmetric 
under the action of the group 5*0(4) x G, where 50(4) is the isometry group of the three- 
dimensional space S 3 = 50(4)/50(3) and G is the isometry group of the internal space 
G/H (cf. (H)). This class of configurations will play an important role in our analysis and 
we are going to describe them now. Our exposition of the main results of the theory of 



symmetric fields will be based on ||, |fL4|| , p4 . 

Let us consider a spacetime M n x S/ R, where M n is the n-dimensional Minkowski space, 
S is a compact Lie group and R is its closed subgroup (we will take M n = R 1 and S/R = 
50(4)/50(3) x G/H = S 3 x G/H). In the construction of 5-invariant metrics and S- 
symmetric gauge fields an important role is played by the so-called Cartan 1-form. To 
define it consider some choice of representatives a(y) G S in the cosets y G S/R such that 
[<j{y)\ = y. a(y) can be viewed as a (local) section in the principle bundle S — > S/R. The 
Cartan 1-form 6 on S/R is defined as the pullback of the canonical left-invariant form on 
the group S: 

9 {y) =a- l (y)da(y). (6) 

The form 9 takes values in S = Lie(S), the Lie algebra of the group S. We assume that 
the space S/R is reductive, i.e. S can be decomposed into the direct sum of linear subspaces 
1Z = Lie(R) and its complement M. as follows 

S = TZ@M, (7) 
[K,M]CM. (8) 

The subspace M. can be identified with the space tangent to S/ R at the point o = [R] G S/ R. 
In general it is reducible under the adjoint action of the algebra TZ and can be further 
decomposed into irreducible subspaces: 

M = J2M P , (9) 

p=i 

ad{n)M p = [K, M p ] C M p . 

We will assume for simplicity the representations of 1Z in M. p and A4 P > (p ^ p') to be 
inequivalent. In accordance with (0), (Q) the Cartan form (HD can be decomposed as 

o =^ + £0av (io) 
P =i 

dim R dp 

0n= E( OnY a T a , e M p = Y.Q p %^ (ii) 

a=l i=l 

where 1-forms On and 9m p take values in 1Z and A4 P respectively, {T s , a — 1, ... , dimi?} is 
a basis in the Lie algebra 1Z, d p = dim M. p and {T p i , i = 1, . . . , d p } is a basis in the subspace 
M. p . We choose {T p i } to be orthonormal with respect to an arf-R-invariant scalar product 
in M. 
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The 1-forms Q VyX form a local moving co- frame on Sj R. In this co-frame the components 
of an S"-invariant metric on S/R are independent of the local coordinates y m (m = 1, . . . , d = 
dim At) and its most general form for the appropriate choice of the basis in Ai reads 



7 ( .) = ( 12 ) 
p=i i=i 

Then the S"-invariant metric on M n x S/R at point x is given by 



««»<*> = ( 9 "o (x) JU ) ■ (13) 

where x = (x M ,|/ m ), a; G M", y £ S/R, g^ v {x) is an arbitrary metric on M™. The metric 
components 7 mn are determined by fll2|) with L p depending on x, L p = L p (x), which have 
the dimension of length and characterize the "sizes" of the internal space at point x. 

Let us now discuss S'-symmetric gauge fields on S/R. Here S-symmetry means that the 
fields are invariant under ^-transformations up to a gauge transformation. Thus, both the 
group S of spatial symmetry and the gauge group K are involved in this definition. Indeed, 
an S'-symmetric gauge field on M n x S/R is characterized by a homomorphism A of the 
isotropy group R C S to the gauge group K: A : R — > K, and its components A M (x) can 
be read from the 1-form A = Am(x)cIx given by 

A = A^dx' t + X(9 1l )+(f> s {e M ). (14) 



This formula is the result of Wang's theorem [24|. Here A^x) is a gauge field on M n with 



the gauge group C = {c £ K\X(r)c\(r) = c for all r e R} C i^, the centralizer of 
X(R) in i^. <fr x in (|T4]) is a mapping from Ai to /C = Lie(K), <p x : A4 — > K., which is an 
intertwining operator. Its structure is determined by the irreducible representations of 1Z in 
Ai and /C, and it can be constructed as follows. Let us, in addition to the decomposition 
(d), also decompose /C into irreducible representations with respect to adX(R). Suppose that 
we have 

n n r 

K, = x{n)®c®Y.H v i r) ®^ ( 15 ) 

r=l i=l 

where C = Lie(C), (i = 1, . . . , n r ) for a given r (r = 1, . . . , n) are linear subspaces 

carrying the irreducible representation of 1Z equivalent to that in M. r and the subspace 5 
carries other irreducible representations none of which is equivalent to those in subspaces 
Ai p in (|^). It is clear that n < k. Then the mapping cf) x is equal to 



1 1 



E4 P) , (is) 
P =i 



J', 

i=l 



X)0i{Up), 



where u G Ai, u p is the component of the vector u in Ai p and (j)^ is an elementary intertwin- 
ing operator establishing the homomorphism between subspaces Ai p cMc5 and C K, 
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carrying equivalent irreducible representations of 1Z. We will see shortly that the functions 
fi P \x) are scalar fields in the reduced theory. They form multiplets = {fi , . . . , f^J} 
(in general reducible) with respect to the action of the gauge group C of the reduced theory 
Let us return now to the problem of dimensional reduction of the multidimensional 
Einstein- Yang-Mills action on Mu) x G/H without specifying the type of four- 

dimensional spacetime for the time being. Using eqns. ( 12|) - (|14]) and ([16]) we carry out the 
dimensional reduction of the gauge part of the action (13) and get the following result [B|]-||, 



Sym — 



d xJ— 



Al, 



(4) 



-0(4)1 



■ LAx) 



,LAx) 



no 



(In 



[Tr{F^Fn-Y,Ti Tr \ D »f {p) ( x )\ 
p=i L v 



Lko 

2 



V(f;L p )}, 



(17) 



where F^ v and D li fv > ) are respectively the stress tensor of the gauge field A^(x) and the 
gauge covariant derivative of the scalar multiplet f^\x) (see (|14D ) and = det{g^ u ). The 
gauge coupling constant of the reduced theory is given by 

e 2 = e 2 /v (G/H), (18) 

where vq(G/H) is the volume of the internal space with characteristic sizes being equal to 
Lio, • • • , L^, parameters to be specified later. V(f) is a quartic self-interaction potential of 
the scalar fields equal to 



n a p a q 

p,q=l % i=l j=l 

F (p,i)(qj) = [4>x(T P: i), (j) x (T qtj )\ - X([T Pii , T qt j] H ) - <f) x ([T P) i, T qd ] M ] 



(19) 



where similar to previous notations TC = Lie(H) and Q = Lie(G) = TC © M.. Thus, the 
theory ( |TTD - (|19"D, obtained by dimensional reduction of (|) is the theory of gauge fields 
with the gauge group C C K coupled to the scalar fields f ( - p \x). Explicit calculations of 
the symmetric gauge 1-form fll4] ) and the intertwining mapping ( jI6|) as well as the scalar 
potential ( |19"D can be found in |8| 



H, [11, H 



Let us now discuss dimensional reduction of the Einstein part Se of the multidimen- 
sional action (f|). Using (12), (P^3|) and performing rather straightforward though lengthy 
calculations one gets 



S, 



d XJ — 



M. 



(4) 



-9(4) ( 



, Li(x) 

d r . 



Mx) y 



X 



+ 



k 

E 9» U d p d q 

p,q=l 



d^L p (x)d u L q {x) 
L p (x)L q (x) 



d fl L p ( y x)d u L p (x) 
-Av (G/H)}, 



where 



K 



k/v Q (G/H), 



(20) 



(21) 
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is the scalar curvature in four dimensions calculated with respect to the metric g^ix 
The coefficients Rp of the curvature on G/H were calculated using formulas from ref. 
(see also HP2"f, P7fl and the book |T3|]): 



R„ 



U qt 



1 

-( 

2 



l(l V q,t=l A L q L t ^q 
dp dt dp 

j=l j=l m=l 



(22) 



Here WgiTrtj) are the structure constants of the group G in the basis {T s ,T Pii } introduced 
in fllPf), ( pT|) and C^iAd) is the eigenvalue of the quadratic Casimir operator of G in the 
adjoint representation. 

For the purpose, which will be seen shortly, we perform the following conformal trans- 
formation of the four- dimensional metric: 



Then the action (|20[) takes the form 
Se 



■ LAx) 



,Lk(x) 



■'kO 



(23) 



Jm w V I1 16itk [ 2 p ^ =l 1 Vw L p L q 



(24) 



L l L k p =l L p p =l L pK X ) 

where r\ = det^r/^), R^ is the scalar curvature in four dimensions calculated with respect 
to the metric rj^ and 

Qpq = 2dp5pq -\- dpdq. (25) 
We see that after conformal rotation and changing variables 



L p (x) 



L p0 e 



(26) 



the gravitational part of the multidimensional action (|3]) after dimensional reduction can be 
interpreted as Einstein gravity coupled to scalar fields with exponential potential. 

Summing up ( |T7D and fl2"l]) and taking eqns. ( p3| ) and (^3) into account we get the formula 
for the action of the theory on Mu\ obtained by dimensional reduction of a Einstein- Yang- 
Mills model on (4 + <i)-dimensional spacetime Eu+d) — ^(4) x G/H: 

S= I # x ^{-±-[bF> -\ ^Q pq d^ p d^ q ] 

+ ^ [e^ d ^TrF^ - £ d q L 2 q0 e~ 2 ^TrD ^ (D"f 



(«)^ 



q=l 



(27) 
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where the potential of scalar fields tp p (x) (p = l,...,k) and p 9 '(x) (q — 1, . . . , n < k) is 
given by 

/<*>) = e-^U d ^[- £ J^^e" 2 ^ + -A- + ^^]. (28) 

~[ 167TK Lp 1D7TK 8e^ 

Vacua with compactified extra dimensions are static solutions of the classical equations of 
motion with finite ip p . 

If we neglect contributions from the four- dimensional components of the gauge field 
then the compactifying solutions with constant and ip p are given by the extrema of the 
potential W. When four-dimensional spacetime is assumed to be the Minkowski spacetime 
then such solutions are usually referred to as spontaneous compactification solutions. When 
M( 4 ) is the closed Friedman-Robertson- Walker universe and contributions from nonvanishing 
components of are taken into account, compactifying solutions are determined by the 
potential W which is the sum of W and two last terms in the square brackets in ( |2"7j) which 
model contributions from radiation. The term proportional to Tr^F^F^) changes the 

asymptotic behaviour of the effective potential of the fields ip p for large — \Jip1 + . . . + ipl 
and is important for the stability of the vacua. In the next section contribution of this term 
to the effective potential will be calculated explicitly for a certain model. 

Eqns. fl2"7| ) and (E^) generalize the results obtained in [2I|, \12\ where the reduction of 
the Einstein- Yang-Mills model with G/H being a symmetric space was considered. For a 
symmetric space a G-invariant metric ( |T^ ) on G/H is characterized by one scale L(x), so 
that k = 1 in (|27|), 

The kinetic term for the scalar fields ip p {x) in ( p7| ) is not diagonal and physical fields are 
combinations of ip p which diagonalize it. This is important if issues of dynamics are addresses, 
however diagonalization is not necessary for our purpose. Notice also that functions ip p {x) 
correspond to scalar fields arising from the metric in the standard Kaluza-Klein theories, 
when pure gravity in multidimensional spacetime is considered. 



3 Dimensional reduction in the Einstein- Yang-Mills model 
with G/H = SO(5)/SU(2) x U{1). 

In this section we will consider the Einstein- Yang-Mills theory on spacetime -E(io) = Ma\ x 
G/H, where the space of extra dimensions is the non-symmetric homogeneous space G/H = 
SO(5)/SU(2) x U(l) with G-invariant metric characterized by two scales L\ and L2. In this 
case dimG/H = 6 and rankG = rankif which makes the model relevant for the problem 
of compactification in superstrings. We will take the gauge group of the multidimensional 
Yang- Mills field to be K = SU(2 + m) (m > 3). As it was mentioned in the Introduction 
dimensional reduction of the Yang-Mills sector of this model and the scalar potential V(f) 
( |T9| ) for m = 3 were studied in ref. [II]. Spontaneous compactification solutions for this 



model for arbitrary m > 3 were found in ]T2| 



We will begin by recovering the results of [|ITJ, concerning the dimensional reduction 
in this model with arbitrary four-dimensional spacetime May Our next step will be to 
consider the model in a cosmological setting when the four-dimensional part of the Universe 
is of the closed Friedman- Robertson- Walker type M( 4 ) = R x S 3 . 



S 



The decomposition (|9]) of the linear space A4 after complexification takes the form 
M = Mi®M 2 , dimA^i = di = 4, dimM 2 = d 2 = 2, 
Mr = Wi^lJl+Wiia^-l)], (29) 
M 2 = W 2 [l(2)]+W 2 [l(-2)], 

where the bar over U p means complex conjugation and in square brackets we indicate the 
types of the irreducuble representations carried by the subspaces IA P and U p , (p — 1,2) with 
respect to H = SU(2) x U(l). According to the theory of invariant metrics, sketched in 
Sect. 2, the most general >SO(5)-invariant metric is given by {TT2])-(P^D and characterized by 
two scales. We denote the scale corresponding to Mi by L x and the one corresponding to 
M 2 by L 2 . The homogeneous space G/H = SO(5)/SU(2) x U(l) with such metric is known 



as the squashed CP manifold, its properties were discussed in detail in ref. [28|. Often this 



space is represented in another equivalent form as Sp(2)/SU(2) x U(l). When 

L\ = 2L\ (30) 

the metric becomes the Einstein metric (the standard Fubini-Study metric) with SU(A) 
symmetry of the symmetric space SU(A)/SU(3) x U(l) corresponding to non-squashed CP 3 . 
The second Einstein metric with L\ = L\ (the so called normal metric) does not correspond 
to any enlargement of the initial S'0(5)-symmetry. 

Let us consider now the £0(5)-symmetric gauge field configurations. We take the regular 
embedding A : H = SU(2) x U(l) — *■ K — SU(m + 2) defined by the following branching 
rule for the fundamental representation m + 2 of K: 

m + 2 j x{H) = 2(1) + m 1(0) 

(we indicate the eigenvalue with respect to the U(l) subgroup of A (if) in brackets). Then 
the gauge group of the reduced theory is C = SU(m) x 27 (1) and only the irreducible 
representations [2(1)] and [2*(— 1)] in ( |29"D are intertwined by the operator <ft x with the 
representations in the decomposition analogous to (|l^) |l2l . Thus n = 1 in eqns. Ql5[) , 
dH). The multiplet f(x) = f (1) (x) = {A (1) (x), . . . , f£\x)} of the scalar fields, given by the 
extra dimensional components of the gauge field, transforms as a vector in the fundamental 
representation of SU(m) C C. 

The potential V(f] L p ) of the scalar fields obtained by dimensional reduction of the gauge 
sector of the multidimensional theory is given by Jl! 
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Li 



Ul 3 J 9(m + 2) 9 P 9(m + 2) P 



(31) 



where (3 = L\jL\. As it was pointed out in [12] this expression displays the relation between 



the existence of the spontaneous symmetry breaking phenomenon in the reduced theory and 
the value of (3 characterizing the geometry of the space of extra dimensions^ If (5 < (3 cr = 2 
the potential ([H]) is of the Higgs type and the Higgs vacuum is given by \ f\ 2 = (2 — /3)/3. 
For (3 > (3 CT the potential has only trivial minimum |/| = 0. This is summarized in the 
following formula for the value of the scalar field minimuzing the potential V(f; L\, L 2 ): 
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The quantities Rp (p — 1,2) in eq. (pO|), fl28|) are easily calculated using the formulas 
fl22|) and are equal to 

Ri(P) = l-^, R 2 (P) = ^-3. (33) 

The action of the Einstein- Yang-Mills theory under consideration, after reduction to four 
dimensions, takes the form (P7|), (ES) with the potential V(/; -01, ^2) given by the formula 
(|31~1 ) and describes the interaction of four-dimensional Einstein gravity (metric 77^ (x)), non- 
abelian gauge field A^x) and the scalar fields fi(x), ipi(x) and fai-c)- 

In the cosmological setting the four-dimensional spacetime is assumed to have at large 
scales the form M( 4 ) = R 1 x S 3 = R 1 x SO(A)/SO(3). To study the cosmological model 
associated with the theory considered here we restrict ourselves to spatially homogeneous 
and (partially) isotropic field configurations. This means that we consider gauge field con- 
figurations which are S"0 (4)-symmetric, a metric 77^ which is SO (4)-invariant and scalar 
fields fi, ip p which depend on time t only. Then all physical quantities are spatially homo- 
geneous and isotropic. To describe such configurations and to carry out further reduction 
of the action we will use the results from the theory of symmetric fields, outlined in the 
previuos section, applying them now to the coset space S 3 = SO(4)/SO(3). Simple analysis 
shows that the most general form of an 50(4)-invariant metric reads 

3 

v = -N 2 {t)dt 2 + a 2 {t) a {x)6 a {x), (34) 

0=1 

where the one-forms 9 a are the components of the Cartan form on S 3 . They form a moving 
coframe on S 3 . The scale a(t) of the three-dimensional space and the lapse function N(t) 
are arbitrary nonvanishing functions of time (cf. flT2|)). 

In our approach contributions to the temperature coming from radiation are modelled 
by non- vanishing three-dimensional components of the gauge field. For the sake of simlicity 
we will calculate these contributions for m = 3 only, the generalization to m > 3 being 
straightforward (recall that m is the integer determining the rank of the multidimensional 
gauge group K and of the rank of the gauge group C of the reduced theory). To fix 50(4)- 
symmetric gauge fields on S 3 we need to choose a homomorphism of the isotropy group 
50(3) of the sphere into the gauge group C = SU (3) x U(l) of the four- dimensional reduced 
theory (see (|T4]) and the paragraph before that formula). We denote it by r and define it to 
be an embedding determined by the following requirement: the fundamental representation 
of SU(3) C C restricted to the subgroup r(50(3)) C SU(3) is irreducible, 

3 | T (SO(3))= 3. 

It can be shown then that the symmetric gauge field is characterised by the function B(t) = 
A (t) and one scalar field h(t) generated by three-dimensional components of the gauge field. 
The term quadratic in F^ u in the action (|27D is equal to 



- T ^ F ")-lk)W)-W) {l - h2{t))2 ' (35) 



whereas the covariant derivative of the scalar field takes the form 

1 In f |2 (1 + ^ 

N 2 (t) ° Jl a 2 (t) 



Tr\D,f\ 2 = Wl 2 - (1 t£ (t)) !/(t)| 2 , (36) 
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where 

D f = f + Bf. 

Substituting these expressions to eq. ([27|) we obtain the following effective action in four 
dimensions 

S = 16vr 2 /rftiVa 3 {-^l(A) 2+ 3 ^ A 2 

J Sttk a 1 N Szttk or 2 J^z x TV 

2 ^mmi 3 (fe(t)) 2 ~ 

+ ^ ^^)- + 4i2 fl2(t) (37) 

where the scalar potential is the sum of the term W(ip p , f) (|28|) and the contributions from 
the three-dimensional components of the gauge field given by (|35|), (|36|): 

Wfo, f, h) = W^ p , f) + J^/^ Al ~£} t))2 + J^f^ 0- + h 2 (t)f\f(t)f. (38) 

Notice that the effective action does not depend on time derivatives of N and B. This means 
that these variables play the role of Lagrange multipliers associated with local symmetries 
of the effective Lagrangian. 

The evolution of the multidimensional Universe described by the model is determined 
by the equations of motion for the functions a(t), if>i(t), ip2(t), fi(t) and h(t) which can be 
obtained from (|37|), fl38|). We will analyse solutions of these equations elsewhere. In the 
next sections of the present paper the problem of stability of compactifying vacua will be 
considered and some qualitative conclusions about compactification of extra dimensions will 
be discussed. 



4 Stability of compactification without temperature cor- 
rections 

Let us first find the vacua corresponding to compactification of extra dimensions and analyse 
their stability (in fact, we will see that there is only one such vacuum) in the case when all 
contributions to the temperature, which are modelled by non-vanishing three-dimensional 
components of the gauge field, are neglected. This amounts to dropping out the term with 
the time derivative of the scalar field h(t) in the effective action ( j37l) and the last two terms 
in (|3"8"D, i.e. the potential W coinsides with W in this case. 

We are looking for the vacua of the model corresponding to the spacetime Eu +C n = 
R l x S 3 x SO(5)/(SU (2) x U(l)) with compactified extra dimensions. Physically interesting 
solutions are characterized 1) by a large and growing scale a(t) of the three-dimensional space, 
and 2) by small and constant or slowly varying scales L\ and L 2 . The latter requirement 
comes from the fact that four- dimensional couplings, which are known to be constant to a 
great accuracy, are related to multidimensional ones by relations like (|18|), (|2ll) . As it was 
estimated in ref. | 18| , for the yield of primordial 4 He to be within acceptable limits the ratio 
of the value of the size of extra dimensions Lo at the epoch of primordial nucleosynthesis to 
its present value L must satisfy the bounds: 0.99 < Lp/L < 1.01. 
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Let us fix the scale parameters Lio and L20 to be such that 

^10 = -^20 = 2-^10, (39) 

/Co 

where t>o = f (/; 1/2), 7Zo = 7c(l/2) = 5/(167tk), / is determined by eq. (|32|) and the 
functions v(f;ft) and 7c(/?) are related to the scalar potential V(f;Li,L2) (|31~1) and the 
components i?i and R2 (0) as follows: 

-j^v(f;ft) = —V{f-L X ,L 2 ), (40) 

-^10 iD7rK ^10 -^20 

If we now introduce parameter defined by 

AW A V 2 



the potential W(if)i, ip2', f) in fl38| ) can be written as 

W^i, ^2; /) = e~^2^[^le-^ - 2 J^l e ~^ + 1] + -^}, (41) 

4v t>o 7<-o 1d7tk 

where as before ft = exp(2(ipi — -^ 2 )) /2. 

The evolution of the multidimensional Universe, described by the model, is determined 
by the equations of motion for the functions a(t), ipi(t), ip2(t) and fi(t). We will analyze 
dynamical solutions of these equations elsewhere. Here we are interested in the vacua of 
the model, i.e. extrema of the potential (flip. To simplify the problem let us assume that 
/ takes the value fl32|) minimizing v (/; ft) for a given ft, that is / = /. Then potential 
w(ipi, ft) = W(ipi, ip2, f) takes the form: 

w(^,ft) = e -^2ft{^[(l - e- 2 ^) 2 + (ft -l) Fl (ft)e- 2 ^(e- 2 ^-l) 
1 

for /3 < 2; 

«# x ,/?) = e-^fti^iil-e-^y-ift-^F^e- 2 ^ 

A(4) 

+ G 2 (/3)e- 4 ^] + -— }, (43) 

107TK 

for /3 > 2. 

The functions i*i(/3) and G2(ft) are equal to 

3 m + 1 m + 1 
12 



The plot of the potential wasa function of ipi and ip2 for = and m = 3 is presented 
in Fig. 1. 

According to eq. (|3T)| ) the line (3 = 1/2 on the (V>i,/3) - plane corresponds to S77(4)- 
invariant metrics on the space of extra dimensions realized as the symmetric space SU(4) / SU(3) x 
£7(1). We have 

1 7? 2 A( 4 ) 

WsymMi) = v,fa, -) = e** [-^(1 - e-^f + (44) 



A potential of this type was studied in ]20| - . Let us briefly recall its properties keeping 



in mind that in our case v$ > 0. The shape of w symm (ijji) depends on the value of the 
parameter A 1 - 4 ). For 167tkA^ 4 ^ > 5/(12t> ) the potential does not have any extrema. For 

< 16ttkA (4) < (45) 

12^ 1 ; 

the potential has a minimum i/i lmin and a maximum ipimax (see Fig. 2). When the parameters 
are tuned in such way that A^ 4 ) = we get 

Iplmin = 0, Wsymmfyxmin) = 0, (46) 

15 1 3 2 16 

Ylmax o' ^symm\Ylmax ) 77~7 v) \7/ \*' ) 

2 3 (167Tfi;)^ 5 vq 



According to general arguments |^5] solutions fl4"6] ) and fl4"7|) in the class of SU (4)-invariant 
metrics must be also extrema in the wider class of SO (5)-invariant metrics on the space of 
extra dimensions realized as the homogeneous space G/H = SO(b)/SU(2) x U(l). Indeed, 
it is easy to check that the potential w{rpi,P) ©-(ID for A( 4 ) = has the minimum 

(V>i,/fym* = (o,i), w(o,~) = o (48) 

and the saddle point 

1 113 16 

(ipl, P) saddle = (VWb, o)> W&lmaxi ~) = 777 ^(r) 2 — ( 49 ) 

2 2 (167T/t) / 5 Vq 



with ipi max given by eq. (|47|). One can also show by straightforward calculations that 
there are no other extrema of w(ipi, (3) corresponding to cosmological solutions E^ = 
R 1 x S 3 x SO(5)/SU(2) x U(l) with compactified spacelike extra dimensions. We would 
like to notice here that spontaneous compactification solutions for £Vio) = M A x SO(2k + 
l)/SU(k) x C/(l), (k > 2) with both spacelike and timelike extra dimensions were found 
and studied in [^2]| . In that case there is only one solution with spacelike extra dimensions, 
it corresponds to in the limit of infinite size a = oo of three dimensions. The relation 
between compactifying cosmological solutions, corresponding to four-dimensional spacetime 
M( 4 ) being of the closed Friedman- Robertson- Walker type, and spontaneous compactification 
solutions, corresponding to the four-dimensional spacetime being the Minkowski spacetime, 
is discussed in the Appendix. 

We see now that the parameters L 10 and L 2 o given by eq. (|39|) are characteristic scales 
of the compactified internal space corresponding to the minimum fl4"8] ) of the potential when 
A( 4 )=0. 
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Let us discuss now the potential w{ipi,(3) = w(ipi, ip2, f) for small namely for 

|167tkA( 4 )| -C 1 (see below). It is clear that its shape deforms only slightly in compari- 
son with the case A^ 4 ^ = 0. It turns out that its minimum and its maximum are located on 
the line (3 = 1/2 for all values of A^ 4 ^ satisfying condition (|45|). Thus, the potential reaches 
its minimum at 3 1 

(Vlmm ~ 167TKA (4) -^,/3 min = 

and 

A (4) 

MVw,/?™„) = -— (l +0(lQTtKA^)) . 

with v ' 

We see that parameter A^ 4 ) is the cosmological constant of the reduced theory in four di- 
mensions. 

There are two directions in the (1(1, t( 2 )-pla.ne along which the potential approaches con- 
stant values when \if>i\, \4>2\ — > 00: 

a) ip\ = 0, 1(2 —> +00 or (3 — > 

[IbTlKy Vq 

b) Vi^oo, ik = -^l)i or (3= l -e lQ ^l\ 

1 in./., 11s 1 6m 1 



2 ' (IQttk) 2 m + 1 v 

If we introduce variables $ = y^f~+^i and a = arctan( < 2 /'0i)) then when ^ — ► 00 the 
potential grows exponentially in the sector (— arctan |) < a < | and decreases exponentially 
to zero in the sector | < a < 27r — arctan |. There is a hollow centered at the minimum of the 
potential; if A^ = it reaches zero at ipi = ip% = (see (|48|)). The hollow is separated from 
the region of exponential decreasing of the potential by a ridge joining the rays a = (7r/2) 



and a = — arctan(2/3) with the pass at the saddle point (p9|). 

Thus, we see that for zero temperature the compactifying solution exists which is classi- 
cally stable. The interesting feature is that the minimum of the potential of the model has 
higher symmetry than a general configuration, namely it corresponds to the SU (4)-invariant 
metric satisfying fl3~0|) (or (3 = 1/2). We will show in the next section this property of the 
vacuum is not affected by non-zero temperature contributions. 

When A< 4 ) > the minimum is semiclassically unstable because of non-zero probability 
of quantum tunneling to the region of exponential vanishing of the potential. This region 
corresponds to unlimited growth of the scales of the internal space and thus to decompact- 
ification of extra dimensions. However, since the multidimensional cosmological constant 
must be fine-tuned in the appropriate way so that the four- dimensional cosmological con- 
stant satisfies the bound 167m|A( 4 )| < 10~ 120 , the tunelling rates of the dilaton fields ip\ and 
1(2 appear to be extremely small and the lifetime of the metastable vacuum near ipi = ip 2 — 
exceeds the age of the Universe f22|j . 

In the next section we will study the potential of the dilaton fields ip% and 1(2 when 
temperature effects in the radiation dominated period, which follows inflation, are taken 
into account. 
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5 Stability of compact ificat ion after inflation 



The analysis carried out in |HJ and the arguments presented in |22| show that in the case 
of a symmetric internal space the expansion of three spatial dimensions provided by the 
dilaton field is only of the power type a(t) ~ t p with p < 1 and that there is no any natural 
mechanism of achieving inflation driven by the dilaton. Similar considerations are also true 
in our case, and therefore in order to achieve a successful period of inflation one needs 
necessarily to add an inflaton sector. Thus we assume that the inflation of the macroscopic 
dimensions was driven by some additional inflaton field and the process of shrinking of extra 
dimensions to a small size took place at the period that followed the accelerated expansion 
of the spatial dimensions of Muj and subsequent reheating. In this section we consider the 
process of spontaneous compactification of extra dimensions during this period when the 
Universe was radiation dominated. Similarly to the paper |22| we describe this situation by 



assuming that the main contribution to the temperature comes from nonvanishing external 
space components of the gauge field (// = 0, 1, 2, 3). As it has been already explained in 
Sect. 3 in accordance with the type of the cosmo logical model considered here, we assume 
also that all physical observables are spatially homogeneous. This means that the fields ipi 
and fi depend on t only and is symmetric under the action of 5*0(4). For the sake of 
simlicity we will restrict ourselves to the case m — 3, i.e. the gauge group of the initial 
10-dimensional theory is K = SU(5) and the gauge group after dimensional reduction to 
four dimensions is C = SU(3) x U(l). The action of the effective theory in the cosmological 
setting was derived in Sect. 3 and is given by eqns. ( |3"T| ) - (^Sj). The contribution of the four 
dimensional components of the gauge field to the energy density is given by 

P&p, f, h) = \^^\a 2 h 2 + (1 - h 2 f] + - 2 Ll e-^(l + hf\ff. (50) 
a 4 4e z cr 

After inflation the vacuum energy density is transformed into thermal energy p via large 
nonstatic vacuum expectation values for h. As before we assume that the internal compo- 
nents of the gauge field, described by /, are given by the static minimum / (|32[). It was 
shown in |22| that this assumption is self-consistent. Then the dynamics of the dilaton fields 
is governed by the potential 

W(l/>p, fmin, h) = W(lf) p , fmin) + p(4>p, fmin, h). 

During inflation the scale factor a(t) grows exponentially. Therefore the last term in (|50| ) 
does not change the minimum / essentially. By introducing the temperature associated with 
the gauge field A^x), T ~ 1/a, we obtain 

with a being a constant of the order one. The potential describing the dymanics of ipi an d 
■02 now is equal to 

wW u fl=wfa,0) + ^f*, (51) 

where w(ipi, (3) is given by fl4"2]), (f^3"p. For non-zero temperature it grows exponentially when 
\I/ = J^i + ip2 goes to infinity, for A^ 4 ^ = and m = 3 its shape is shown in Fig. 3. When 
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T ^ the potential w has more extrema than in the case T = and we are going to discuss 
them now. For the analysis that follows it is convenient to introduce the notation 

1Z 2 

4v 



After the inflation the temperature satisfies T < 10 5 /vT67tk. Therefore, in the region 



of finite \1/ the second term in eq. (51) leads to small shifts of the positions of the extrema 
of w only and the types of the extrema remain to be the same. Thus, the potential w has 
a saddle point (3) saddle, with (3 = 1/2 and differring from (ipi) ma x in ([49]) by small 
temperature corrections, and a minimum with 



(cf. (0)). Notice that even for non-zero temperature the saddle point and the minimum 
are located on the line {3 = 1/2 corresponding to invariant metrics with higher symmetry, 
namely to S77(4)-invariant metrics of the symmetric space SU(4)/SU(3) x U(l). Another 
minimum, which exists when T ^ 0, is located also on this line but far from the origin of 
the (-01, V^-plane: 

1 3*4 1 
V'lo - 72~ ln ^' /5a= 2' ^ 

w a = w^ la ,(3 a )^2T 2 V^A(l-(^) 1/6 ). 



The minima analogous to fl52|) and (|53"D were found and analyzed in the paper [22] where 
the case of symmetric space of extra dimensions was considered. 

The potential w has two more extrema which are located away from the line (3 = 1/2 of 
SU (4)-invariant metrics. One of them is a saddle point 

1 AA 

W b = W{l/)ib,{3b) - 

and another is a minimum 




4 V AA 



jj, u ~ Un(—^j), ^-1(^)1/4 (55) 
r 8 v 81 aT A ' H 9 aT 4; v ; 



2, 



Notice that the saddle point fl54[) exceeds the minimum (|5^) in the subleading order in T: 
Wb — w a ~ T 8 / 3 . Another feature of this saddle point of the potential is that (3b — > 1 when 
T —>■ and the invariant metric on the space of extra dimensions asymptotically approaches 
the second Einstein metric with L\ = L 2 (see Sect. 3). 
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We see that w m i n is the absolute minimum of the potential. So, the configuration (|52|) 
is the true vacuum with compactified extra dimensions and it is semiclassically stable when 
the temperature is non-zero. 

The second minimum (|53]) corresponds to the metastable vacuum with relatively large 
sizes L\ and L2 of extra dimensions, which grow to infinity when T — > 0. This means decom- 
pactification of extra dimensions. If the Universe appeared to be in this state after inflation, 
it would tend to tunnel to the vacuum (ip lmin ,l/2) with compactified extra dimensions. 
However, as it was estimated in |22[ for the symmetric case, the lifetime of the metastable 
vacuum (ipia, Pa = 1/2) exceeds the present age of the Universe and thus the situation when 
the system arrives to this vacuum as result of the dynamical evolution is unsatisfactory from 
the phenomenological point of view. 

The minimum (ipi c , f3 c ) is determined by the part of the potential described by the ex- 
pression (43). It has rather interesting feature. As it can be easily seen from (^) when 
the temperature vanishes the scale L\ increases to infinity whereas the scale L2 approaches 
a constant value: L2 — > v / 3-^2o/2, where L 20 is given by (^9|). This means that if the 
system rests in this metastable vacuum (similar to the case of the minimum (ipx a , 1/2) its 
lifetime exceeds the lifetime of the Universe) four out of six extra dimensions, corresponding 
to the subspace .Mi in the decomposition (|29l) , decompactify whereas the two-dimensional 
subspace, corresponding to M.2-, remains to be compact. Thus, in the limit of small tem- 
perature this vacuum effectively describes the Universe with eight macroscopic dimensions 
whereas the true vacuum (^) corresponds to the one with four macroscopic dimensions. 
Depending on the initial conditions the system ends up its evolution in one of the minima 
found above and, therefore, depending on the initial conditions that or another number of 
macroscopic dimensions develops dynamically in the Universe. This mechanism might be 
important for describing topological transitions in the space of macroscopic dimensions in 
the early Universe. 



6 Conclusions 

In the present paper we have considered the problem of compactification after inflation, 
i.e. after reheating in the Einstein- Yang-Mills theory with extra dimensions being the non- 
symmetric homogeneous space G/H = SO(5)/ SU(2) x U(l). Our aim was to analyze the 
model in the cosmological setting, so we have imposed the condition that the relevant fields 
were spatially homogeneous. We have taken into account non-vanishing components of the 
gauge field in four dimensions and this allowed us to introduce the temperature into our 
analysis. 

The space of all SO (5)-invariant metrics on the space of extra dimensions in the model is 
characterized by two scales, L\ and L 2 . In this sence our results are complementary to those 



of ref . |22| where the case of symmetric space of extra dimensions was considered. We studied 
configurations corresponding to compactifying solutions of the Einstein- Yang-Mills system. 
For non- vanishing temperature there is a static configuration with four macroscopic dimen- 
sions represented by the Friedman-Robertson- Walker spacetime R 1 x S 3 and six compact 
dimensions. We found that this solution is the absolute minimum of the effective poten- 
tial. It describes a metric with higher symmetry, namely the SU (4)-metric with L\ = 2L\, 
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and the geometry of the space of extra dimensions equal to that of the symmetric space 
SU(A)/SU(3) x 1/(1). 

Furthermore, we find that at a non-zero temperature there are two other minima of 
the effective potential which are semiclassically unstable. One minimum corresponds to the 
symmetric space of extra dimensions with all six additional dimensions being decompactified 
when the temperature goes to zero. Another minimum corresponds to the non-symmetric 
space of extra dimensions and when T — > four of additional dimensions decompactify 
whereas two of them remain compact. The rates of transitions from these vacua to the 
true compactified vacuum are very low and, thus, if after the inflation the Universe had 
been trapped in one of them this would be in contradiction with the standard cosmological 
scenario. However, this model gives an example when the number of macroscopic and com- 
pact dimensions and their topology depend on the type the vacuum in which the Universe 
was trapped after the inflation. This suggests a type of the mechanism which might be 
responsible for topological transitions in the early Universe. In our model the vacuum with 
four macroscopic dimensions and six- dimensional compact symmetric homogeneous space of 
extra dimensions is the true vacuum of the system. 
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Appendix 



In this Appendix we discuss the relation between the spontaneous compactification solu- 
tions with spacetime M 4 x G/H, where M 4 is the Minkowski spacetime, and compactifying 
solutions in a cosmological setting with spacetime R 1 x S 3 x G/H for Einstein- Yang-Mills 
theories Q. For the purpose of simplicity we will restrict ourselves to the case of symmetric 
space G/H, the generalization to the non-symmetic case is straightforward. We also assume 
that four-dimensional components of the gauge field are equal to zero. 

For (4 + (i)-dimensional spacetime x G/H with arbitrary four- dimensional M(4) the 
Einstein equations read 

Riw - ^9^R = -ag^TrF 2 + kg^ 
R mn ~ ^9mnR = -a(g mn TrF 2 - ATrF mk F^) + Ag mn , 

where a = Ann/e 2 and \i, v = 0,1,2,3, m,n = 4, ...,3 + d. For invariant metric and 
symmetric gauge fields on G/H this system can be easily transformed into the pair of com- 
pactification equations: 

= --^—aTrF 2 - (56) 
d + 2 d+2 v ; 

= HM±i) aTrF2 _ (57) 

d+2 d+2 K > 

where R^ and RW are scalar curvatures of four- dimensional spacetime and the space of 
extra dimensions respectively. Obviously, R = R^ + R^ d \ Now we take into account that 
for G-invariant metric and G-symmetric gauge field on the symmetric space G/H 

R (d) = A TrF 2 = 

L 2 ' L 4 ' 

where L is the scale of the space of extra dimensions, k is some constant and v(f) is the 
potential of the scalar field / of the reduced theory (cf. (0), (pEPP). From the Yang-Mills 
equation it follows that the scalar field must be equal to one of the extrema of the potential 
10 1 , [|i~3|l - [12], we choose it to be equal to the minimum of the potential, / = /, as in Sect. 4. 



The important point here is whether the potential v(f) equals zero or not at the minimum. 
This property of the potential depends on the homomorphism r from the isotropy group 
H into the gauge group K of the multidimensional theory (see Sect. 2). We will assume 
here that v = v (f) ^ 0, otherwise the Einstein- Yang-Mills model does not have spontaneous 
compactification solutions. 

Let us consider first the spontaneous compactification solution when four- dimensional 
spacetime is the Minkowski space M 4 . Then R^ = and the first equation fl5T)| ) gives a 
relation between the multidimensional cosmological constant A and v. This relation is exactly 



lr The authors benefited very much from pleasant and illuminative discussions of this problem with J. 
Mourao 
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the condition of the vanishing of the four-dimensional cosmological constant in the reduced 
theory. The second equation (|57| ) then gives the value of the radius of compactification: 



L'„=™ (58) 

Now let us study similar problem but when four- dimensional spacetime is the closed 
Friedman- Robertson- Walker Universe Mu\ = R 1 x S 3 with the metric fl34|). In this case we 



look for solutions with positive and (in general) non-constant radius a(t) of three-dimensional 
space and constant size L of the compact space of extra dimensions and consider A as a 
parameter. The second equation (B7|) gives us two solutions L_ and L + which depend on 
A. It is easy to check that, if < (—A) < k 2 / (—lQavd(d + A)(d + 2) 2 ), one of them is a 
minimum (we denote it L_) and another is a maximum of the effective potential 

W(L) = (£)-(--^_ 2A ) 



of the reduced theory analogous to Q2q). If we impose the additional condition W- = 
W{LJ) = 0, which means vanishing of the four- dimensional cosmological constant in the 
vacuum L_, then we will find that the multidimensional cosmological constants must be fine 
tuned to be A = k 2 /(lGav) and 

Ll = (59) 

= 4^(^+4) 
kd 



This result was obtained in a number of papers, see e.g. ||21|| , [p2|| . Notice that the value of 
the radius of extra dimensions in the compactification vacuum given by eq. (|59|) coincides 
with the spontaneus compactification solution (|58|). Then, from the first equation (|5(|) it 
follows that for L = L_ the scalar curvature of four- dimensional spacetime = 0. This 
means that either Mm is the Minkowski space (this case was discussed above) or a / 0. 



From (5B) it also follows that the solution L + exists for R^ > only. 

We see that if the condition of the vanishing of the four-dimensional cosmological constant 
is imposed, the spontaneous compactification solution for L always survives in a cosmological 
setting. But in the latter case we have additional solution with positive scalar curvature of 
four- dimensional spacetime, which does not exist when Mu\ = M 4 . 
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Figure captions 



Fig. 1 Potential w(fa,fa) of the model obtained by dimensional reduction of the ten- 
dimensional Einstein- Yang-Mills theory with the space of extra dimensions SO (5) / SU(2) x 
U(l). Zero temperature case. The plotted function is given by eqns. (f42|), (|43|) (recall 
that = e 2 ^ 1 ~^ ) /2) with A< 4 > = and m = 3. 



Fig. 2 Function w symm (fa) given by eq. ( [44]) for A^ 4 ^ = 0. This plot is the section of the 
surface in Fig. 1 for (3 = 1/2. 

Fig. 3 Potential w(fa, fa) of the model for non-zero temperature (see eq. (0)) for = 0, 
m = 3, <jv o = 1 and T = 10~ 3 / yl&KK. 
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